Two research questions guided the present study: 1) Do freshmen have structure
sense?, and 2) How will the lack, if any, of structure sense be related to their difficulties in
algebraic manipulations and courses like finance, administration and operations?
A diagnostic mathematics test, to 270 freshmen, in a private university in Mexico,
showed a low percentage of correct answers. Many of freshmen’s errors were due to a low
understanding of structure sense. This study highlights the most worrying structures sense
lacks for those students. This paper does not pretend to be exhaustive; it will analyze some
freshmen’s work in simplifying and manipulating algebraic expressions and solving
equations, which clearly manifest a poor structure sense and which represent key problems. A
further study was made looking directly on structure sense in several algebraic expressions.
First I provide an overview of definition and errors of structures sense reported in the
literature. Second I describe the method of the study, and afterwards the results, where the
freshmen’s answers to the diagnostic test are discussed.
THEORETICAL FRAMEWORK
Matz (1980), Linz (1990) and Malle (1993) suggest that the transition from the
arithmetical context to the algebraic context is not easy for students, and that difficulties may
be due to interpretations in the new context. Liedenberg et al (1998) stated that in arithmetic it
is often possible to avoid conventions related to the algebraic structure, while in algebraic
expression or equations conventions of hierarchy of operations cannot be evaded. This means
that many errors may be due to a deficient interpretation of the order of operations in
algebraic expressions and equations.
Malle (1993) studied how students recognize the term structure, without
transformation, of the algebraic expression. He asked students to circle sub-terms in an
algebraic expression. For example a common error could be, when the expression:

, was is circled as follows:
(3)
·
·
The form in which the student circle sub-terms shows that the student has an deficient
structure sense, and will probably simplify the expression x2+y2 in the numerator and
denominator. This is a very common error, which might have other different explanations.
Hoch and Dreyfus (2006, pp.306) distinguish between manipulation skills and structure sense,
and present the following definitions:
“A student is said to display manipulation skills (MS) if s/he can:
• Solve an equation or factor an expression when given explicit instructions.
• Substitute correctly in a given formula.
A student is said to display structure sense (SS) for high school algebra if s/he can:
• Recognize a familiar structure in its simplest form. (SS1)
• Deal with a compound term as a single entity and through an appropriate
substitution; recognize a familiar structure in a more complex form:
o where the compound term contains a product or power but no sum.(SS2a)
o where the compound term contains a sum and possibly also a product or power.
(SS2b)
• Choose appropriate manipulations to make best use of a structure:
o where the structure is in its simplest form. (SS3)
o where the compound term contains a product or power but no sum. (SS3a)
o where the compound term contains a sum and possibly also a product or power.”
Analyzing this definition, it is clear that the substitution principle is important. For
example; a student is asked to factor the following algebraic expression:
9y
6y 1
(2)

Would s/he be able to factor the expression, if s/he could not identify 9y2 as (3y)2? (in
terms of Hoch and Dreyfus the student does not recognize a compound term as a single
entity; SS2a)
In another factorization like:
x
1 3x x
1
(3)
If students cannot factorize this expression, it is probably a structure sense problem,
SS2b, because they are not able to substitute x2+1 as a single entity [i.e., (x2+1)(1+3x)].
Having structure sense implies to “see” a “surface” structure and a “hidden” structure
(Liedenberg, 1998). Recognizing “hidden” structure is the ability to create an equivalent
structure in a simplified form. For example;
x y w v ; have a surface structure of 4 numbers, and the hidden structure is the sum of
two numbers; a + b; where a
x y, and b w v.
Errors might underlie a great variety of reasons, like conjoin errors, errors in the
interpretation of the equal sign, view of operation signs, misconceptions with the distribution
law, among others (Nolte, 1991; Malle, 1993; Tietze, 2000 and Eccius, 2008). In this study,
errors are analyzed in terms of structure sense; the reader might find other interpretations of
student’s errors.
METHOD
A 42 items test was administrated to 270 freshmen (Universidad Panamericana,
campus Guadalajara, in Business School, July 2010) to investigate their difficulties and errors
in understanding basic arithmetic operations, simplifying and transforming algebraic
expressions, and solving linear and quadratic equations (Appendix 1). The freshmen come
from a great variety of high schools in Guadalajara and of other cities north-west and southwest from Guadalajara. The test was not a multiple-choice test; therefore inference can be
made by the written procedures of students, who were asked to show all their work.
The first part of the study is an overall counting of correct answers in the test. The
study presents a graph of students’ scores. This quantification of the percentage of correct
answers would be a measure, in low percentage items, of the magnitude of the algebraic
deficiencies of freshmen, and justifies the need of attending these difficulties.
The important part of this study lies in the analysis of students’ answers. The written
procedures of freshmen’s productions give an insight in their structure sense, their
conceptions, and misconceptions. Which procedures are related to a deficient structure sense?
For the purpose of the paper, procedures with errors that might be related to a lack of
structures sense were picked out and reported (some student’s productions were scanned and
presented in this paper). For some items, the most common errors were discussed in terms of
structure sense. Some freshmen’s conceptions of structure sense are typical or systematic,
others are very unique. Not all problems with structure sense can be discussed in this paper.
In accordance to Malle (1993), 25 students were asked to circle sub-terms (Appendix
II). Circling terms and sub-terms show very clear student’s structure sense (scanned circle
processes were presented). Later, to realize a deeper analysis of students’ conceptions of term
structure, 5 students were asked to think loudly. These interviews helped to understand
students’ structure sense.
Finally some errors in financial mathematics courses were analyzed in terms of lack in
structure sense.
RESULTS
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Interpretation: The circling process in the numerator, shows, that the student
understands, that s/he must first multiply w and z, but afterwards s/he interprets a
bracket for the expression ·
; therefore s/he subtracts in the numerator also u.
This error in consequence produces the error in the test.
Circling process

Circling procedure denotes a problem of structure sense. S/he does not know what to perform
first, w is circled twice, in the same level. When students have problems like this, they
probably will have errors in manipulating algebraic expressions, because their structure sense is
very weak.
Circling process

Probable error in:
M

C 1

i
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The form in which the student circled the algebraic expression gives an insight in her/his ideas
of structure sense. Probably s/he will perform first the power of 3, and then the sum. This
might have the consequence of powering i/12 first, and then add 1.
Circling process
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M
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i
12

The student’s circle process illustrate a multiplication of 5, before powering the expression
(2x+3). The structure sense shown above is related to an order of operation deficiency. Student
might multiply C by ( 1 + i/12), before powering.
Algebraic error probably related to structure Probable difficulties with this equation in
sense
finance:

1,03

2500

Often students do not recognize the structure of this equation. The number 3 does not divide
the whole left side of the equation. Being aware of the structure of the equation will help
students to manipulate equations of this type.
Error in the test

Difficulties in other courses in business’
schools.
The deduction of compound interest
would be of some difficulty for the
student, due to the problem to “see”
(1+r) as an entity.

Related structure sense:
Not visualization of ( x2+ 1) as an entity,
Hoch and Dreyfus (2006), related this problem, to an incapacity of the student to recognize
(x2+ 1) as an entity. Students will not have the ability to factor the shown expression. As a
consequence the deduction of the formula for compound interest will be difficult too.
Error in the test
Students were asked to factor the expression:

Structure sense problem
Even if there is no mathematical error, the
expression was not factored. What is for the
student a factored expression? Does s/he
know the structure of a factored expression?
Student was asked if she knows what is meant by a factored expression. She said, she factored
“y”, because it is a common factor in two of the summands. She does not have a clear idea of a
factored expression as the multiplication of factors.
Circling Error in the test
processes.

Both circling processes manifest students’ first idea of the expression as a fraction. The first
process may be the structure sense of the student with the error in the test shown. The second
circling process has a double interpretation of structure sense. Fraction is circled, but also the
(x-5)m+2. This student is not aware of what the structure of this expression is for her/him, which
ends probably with a confusion of what to do, when s/he wants to simplify the expression.
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Universities often cannot involve students directly in calculus courses; they have to
implement remedial courses in algebra to improve student’s mathematic skills. Sometimes
beside the remedial courses students need more personal advising and additional hours of
practice. Will courses help, if teachers and professors do not know students’ problems with
structure sense?
Universities have to work closer with high schools and make more emphasis that
freshmen have a low performance in mathematics when they enter College. They should
transmit these results to high school directors and teachers, emphasizing the importance of
detecting misconceptions in structure sense as they appear in school mathematic lessons. If
some problems in manipulation of algebraic expressions might be related to the lack of
structure sense, teachers should help students to develop structure sense. For example, there
are some procedures referred by Malle (1993), to develop the structure sense of students.
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APPENDIX 1

Administrated Test
UNIVERSIDAD PANAMERICANA
ESCUELA DE CIENCIAS ECONÓMICAS Y EMPRESARIALES
ACADEMIA DE MATEMÁTICAS
UBICACIÓN DE MATEMÁTICAS
A) Calculate:
1. 25 − 5 ⋅ 2 + 4 =
3. 9 ⋅ 3 ÷ 6 ⋅ 0 =
8 14 9
5.
⋅ ⋅ =
7 2 4

7.
9.

3

2.
4.

6.

2 + 3⋅ 3 − 4 =
− 82 =
21 7
÷ =
45 15
1
=
9

0.16 =

8.

− 64 =

10.

4 2 + 32 =

12.

b 3 x +1b1−3 x =

B) Simplify the expressions:
10 4
11.
10 −7 ⋅ − 2 =
10

3

13.
15.

( x − 5) m + 2
=
( x − 5) m

14.

(−3 x −4 ) 2 =

16.

z4
=
3
z

x

3

17.

x2

18.

2
5

3 6

=
y 36 =

x2 + y2 =

C) Perform and simplify the following algebraic operations:
25 x −1 y 4 z −2
14 x 2 − 6 xy + 8 xy − 3 y 2 =
19.
20.
=
2 −1 − 4
− 5x y z
21.
3 ⋅ ( x − 2) + 4 ⋅ (3 − x ) − ( x − 5) =
22.
( z 2 − 5 z + 4) ⋅ ( z − 1) =
23.

x2 + y2 =

D) Factorize the algebraic expressions:
24.
z 2 − 16 z + 64 =
x 2 + 1 + 3x( x 2 + 1) =
26.
y3 − 9y =
28.
E) Simplify the algebraic fractions:
( x − 5)( x + 3)
29.
=
x+3

25.
27.

30.

9y2 + 6y +1 =
x 2 − 12 x + 35 =

y ⋅ ( y + 2) + ( y + 2)
=
y+2

31.

( z + 4) ⋅ ( z − 1) + 2
=
z+4

3
2
−
=
a+b a−b

32.

F) Solve the equations:
33.
x ⋅ (3 − x ) − 4 ⋅ (1 + x ) + x ⋅ ( x − 3) = 0
2x
34.
6−
=9
3
x+3
35.
=0
x−4
G) Solve the quadratic equations:

a) Perform with a factorization:
36. x 2 − 4 x + 3 = 0

37.

2x 2 + 2x = 0

b) Perform using the quadratic formula:
38. 2 x 2 − x − 15 = 0

39.

z2 − 9 = 0

H) Calculate the intersection of the two lines:
40.
x–y =2
y – 2x = 1
4

I) Graph the function:

3

41.

1
y = x +1
2

2

1

−4

−3

−2

−1

1

2

3

4

5

−1

−2

−3

−4

J) An article is labeled $232 including value added taxes. If the value added tax is 16%,
what is the price of the article before taxes?

APPENDIX 2

Circle sub-terms and terms in the following algebraic expressions.
On the board the next example was shown, to illustrate students what they have to do:

·

1)

·

2)

·

3)

4)

5)

5 2

√

3

